Abstract. In the framework of standard static space times, we state a family of sufficient or necessary conditions for a set of physically reasonable energy and convergence conditions in relativity and related theories. We concentrate our study on questions about the sub-harmonicity of the warping function, the scalar curvature map, conformal hyperbolicity, conjugate points and the time-like diameter of this class of space-times.
Introduction
This paper deals with the study of energy conditions on standard static space-times. Our first objective is to obtain a family of necessary and/or sufficient conditions for a set of energy conditions on standard static space-times. The second aim is to apply the latter to a group of questions about conformal hyperbolicity (in the sense of M. J. Markowitz) and the existence of conjugate points in the same framework. Especially, we also pay attention to a set of partial differential operators involved in these discussions 1 . Throughout our study, the warped product of manifolds is the underlying central concept. The warped product of pseudo-Riemannian manifolds were introduced in general relativity as a method to find general solutions to Einstein's field equations. Two important examples include generalized Robertson-Walker space-times and standard static space-times. The latter class can be regarded as a generalization of the Einstein static universe. We recall that a warped product can be defined as follows [11, 69] . Let (B, g B ) and (F, g F ) be pseudo-Riemannian manifolds and also let b : B → (0, ∞) be a smooth function. Then the (singly) warped product, B × b F is the product manifold B × F furnished with the metric tensor g = g B ⊕ b 2 g F defined by
where π : B × F → B and σ : B × F → F are the usual projection maps and * denotes the pull-back operator on tensors. A standard static space-time (also called globally static, see [51] ) is a Lorentzian warped product where the warping function is defined on a Riemannian manifold (called the natural space or Riemannian part) and acting on the negative definite metric on an open interval of real numbers. More precisely, a standard static space-time, denoted by I f × F , is a Lorentzian warped product furnished with the metric g = −f 2 dt 2 ⊕ g F , where (F, g F ) is a Riemannian manifold, f : F → (0, ∞) is smooth and I = (t 1 , t 2 ) with −∞ ≤ t 1 < t 2 ≤ ∞. In [69] , it was shown that any static space-time 2 is locally isometric to a standard static space-time. 1 We would like to inform the reader that some of the results provided in this article were previously announced in [28] . 2 An n−dimensional space-time (M, g) is called static if there exists a nowhere vanishing time-like Killing vector field X on M such that the distribution of each (n − 1)−plane orthogonal to X is integrable (see [11, Subsection 3.7] and also the general relativity texts [42, 44, 74] ).
Standard static space-times have been previously studied by many authors. O. Kobayashi and M. Obata [50] stated the geodesic equation for this kind of space-times. The causal structure and geodesic completeness were considered in [3] , where sufficient conditions on the warping function for causal geodesic completeness of the standard static space-time were obtained (see also [73] ). The existence of geodesics in standard static space-times has been studied by several authors. In [75] , Sánchez gives a good overview of geodesic connectedness in semiRiemannian manifolds, including a discussion for standard static spacetimes (see also [76, 77] ). The geodesic structure of standard static space-times has been studied in [4] and conditions are found which imply nonreturning and pseudoconvex geodesic systems. As a consequence, it is shown that if the complete Riemannian factor F satisfies the nonreturning property and has a pseudoconvex geodesic system and the warping function f : F → (0, ∞) is bounded from above, then the standard static spacetime (a, b) f × F is geodesically connected. In [26] , some conditions for the Riemannian factor and the warping function of a standard static space-time are obtained in order to guarantee that no nontrivial warping function on the Riemannian factor can make the standard static space-time Einstein.
In general relativity and related theories, the energy conditions are a set of physically reasonable imposed constraints to the underlying space-time (for a deeper discussions about the several energy conditions see [19, 37, 43, 69, 86, 87] among many others). In [1, 2] the author investigates conditions on the warping function which guarantee that a standard static space-times either satisfy or else fail to satisfy certain energy or convergence conditions. Some part of our results in the following sections are narrowly related to those of D. Allison. Now, we briefly mention some properties of the Lorentzian pseudodistance d M on an n(≥ 3)−dimensional Lorenztian manifold (M, g) defined by M. J. Markowitz in [64, 65] , where the author follows the procedure developed by S. Kobayashi in [52] (see also [53, 54] ). The Lorentzian pseudo-distance d M depends only on the conformal class, that is, it remains the same for all conformal metrics to g. It is known that for strongly causal space-times, the causal structure is equivalent to the conformal structure and hence this causes a link between d M and the causal structure of (M, g). At this point, we want to emphasize that the classical result about the equivalency of the causal structure and the conformal structure is proven to be true even for distinguishing space-times (see [39] ) but the same authors points out that the causal structure and the conformal structure should not be identified (see [40] ). A Lorentzian manifold (M, g) is called conformally hyperbolic if the Lorentzian pseudo-distance d M satisfies all the conditions of an arbitrary distance function. In [64, Theorem 5.8] , it is proven that an n(≥ 3)-dimensional Lorentzian manifold (M, g) is conformally hyperbolic if it satisfies the null convergence condition and the null generic condition. Hence, conformal hyperbolicity becomes a natural property for physically realistic space-times. Moreover, a conformally hyperbolic Lorentzian manifold is causally incomplete in sense of Markowitz (see [64, Proposition 3.3] ). Here, we would like to have the attention of the reader to the difference between the usual causal completeness (see [11] ) and causal completeness in the sense of Markowitz (see [64, 65] ) of a space-time. According to the former, every causal geodesic must be defined on the set of all real numbers but according to the latter, every null geodesic must be extended to arbitrary values of every projective parameter. On the other hand, a null geodesically complete Lorentzian manifold satisfying the reverse null convergence condition, namely Ric(v, v) ≤ 0 for any null tangent vector v, has the trivial pseudo-distance, i.e., d M ≡ 0 (see [64, Theorem 5.1] ). By applying the results in [64] , Markowitz studied the conformal hyperbolicity of generalized Robertson-Walker space-times in [65] . He also computed explicitly the Lorentzian pseudo-distance d M on the Einstein-de Sitter space-time by conformally imbedding this space-time into Minkowski space.
After the previous brief description of the generic scenario for our study, we now provide an outline of the paper.
In Section 2, we recall some definitions and suitable expressions of Ricci and scalar curvatures for a standard static space-time. We also recall some topics in the study of the scalar curvature map τ : g F → τ g F , where g F is a Riemannian metric on a given manifold F and τ g F denotes the associated scalar curvature of (F, g F ). In the analysis of τ it is usually useful to consider the linearization of this map, i.e., L g F h = dτ (g F + th)/dt| t=0 . It turns out that L g F is elliptic and the study of the kernel of its formal adjoint L * g F f plays a central role to analyze the surjectivity of L g F . In the 70's Bourguignon and FischerMarsden showed that: if (F, g F ) is a compact manifold, a necessary condition for a nontrivial kernel of L * g F is that τ g F be a nonnegative constant. On the other hand, for a given smooth function f : F → (0, ∞), we introduce the 2−covariant tensor
and H g F are the associated Laplace-Beltrami operator and Hessian tensor, respectively. We consider also the Ricci tensor of (F, g F ), denoted by
, Ric g F and their associated quadratic forms play a central role in the next two sections.
In Section 3, after recalling a set of energy and convergence conditions relevant in general relativity, we obtain a family of necessary and/or sufficient conditions for them on a standard static space-time. In Subsection 3.1 we introduce the energy and convergence conditions and make some generic comments about them. In the first part of Subsection 3.2, we state a family of results that show up a connection among the strong energy condition and a family of Liouville type results for subharmonic functions on the Riemannian part of a standard static space-time (see Theorem 3.1 and its corollaries). In the second part, the principal results are Theorems 3. 7, 3.11, 3.12, 3.15 and their corollaries, notice particularly Corollary 3.9. All these results are based on suitable hypothesis for the definiteness of the quadratic forms associated to the above mentioned tensors
and Ric g F . At the end of this subsection, in Theorem 3.19, we give a "partial" extension of the Bourguignon/Fischer-Marsden result mentioned above to the case where the involved manifold is complete but noncompact and with nonnegative Ricci curvature.
In Section 4, we combine the results in Section 3 (particularly, Theorem 3.7) with the results of Markowitz. In Subsection 4.1, we obtain sufficient conditions for a standard static space-time to be conformally hyperbolic. In brief, we obtain that if the quadratic forms associated to the Ricci tensor on the natural space and Q f g F are positive semi-definite and positive definite, respectively, then a standard static space-time of the form I f × F is conformally hyperbolic (see Theorem 4.2) . In Subsection 4.2, we establish sufficient conditions in order to guarantee that any causal geodesic on a standard static space-time has a pair of conjugate points. By a stronger set of hypothesis, we also obtain an estimate from above for the time-like diameter of the standard static space-time (see Corollaries 4.3 and 4.4) . Finally, in Subsection 4.3, we show some results connecting the tensor Q f g F , conformal hyperbolicity, concircular scalar fields and Hessian manifolds. More precisely, we give sufficient conditions for a standard static space-time to be conformally hyperbolic where the Riemannian part admits a concircular scalar field or is a global Hessian manifold.
Preliminaries
Throughout the article I will denote an open real interval of the form I = (t 1 , t 2 ) where −∞ ≤ t 1 < t 2 ≤ ∞. Moreover, (F, g F ) will denote a connected Riemannian manifold without boundary with dim F = s. Finally, on an arbitrary differentiable manifold N, C ∞ >0 (N) denotes the set of all strictly positive C ∞ functions defined on N, T N = p∈N T p N denotes the tangent bundle of N and X(N) will denote the C ∞ (N)−module of smooth vector fields on N.
The n(= 1+s)−dimensional product manifold I × F furnished with the metric tensor g = −f 2 dt 2 ⊕ g F is called a standard static space-time (also usually called globally static, see [51] ) and is denoted by I f × F . On a warped product of the form B × f F , we will denote the set of lifts to the product by the corresponding projection of the vector fields in X(B) (respectively, X(F )) by L(B) (respectively, L(F )) (see [69] ). We will use the same symbol for a tensor field and its lift.
The following formula of the curvature Ricci tensor can be easily obtained from [11, 26, 27, 69] . 
3 Notation: In the present study, manifolds are denoted by B, F, M, N ; points by p, q, x, y; vectors by v, w, x, y and also vector fields by V, W, X, Y .
In [26] , we studied the problem of constancy of the scalar curvature on a standard static space-time, in particular we obtained the following formula.
Proposition 2.4. Let I f × F be a standard static space-time furnished with the metric g = −f 2 dt 2 ⊕ g F . If τ and τ g F denote the scalar curvatures of of I f × F and (F, g F ), respectively, then
As a consequence f is sub-harmonic (i.e.,
). Now, we will introduce a special tensor frequently used to establish energy conditions on a standard static space-time (see for instance [1, 2] ). This tensor will be play a central role in the next sections. 
If it is necessary, we will emphasize the evaluation points p ∈ F by writing Q f g F |p . We will apply the latter convention for other tensors too.
Furthermore, we will denote its associated quadratic form by Q f g F for any point p ∈ F . More precisely, for any v
where T p F is the tangent space to F at p.
Analogously, we will denote the associated quadratic form to the Ricci tensor Ric by Ric. So, for any unit
is so called the Ricci curvature in the direction of v (see [6, 13, 14] )).
Besides, we will denote the associated quadratic form to the 2 co-
Remark 2.6. 4 It is easy to prove that the 2-covariant tensor Q f g F is divergence-free. Indeed, by definition of the involved differential operators, the identity stated as div g F (φg F ) = dφ for all φ ∈ C ∞ (F ) and commuting derivatives (see [69, p. 85-87] ),
for any j, where ∇ = ∇ g F is the Levi-Civita connection associated to (F, g F ).
Remark 2.7. Recall that if f is convex (or concave, respectively), i.e., H 
This tensor is strongly associated to the scalar curvature map between Banach manifolds that apply to each metric on a smooth manifold (eventually, to a sub-domain) the corresponding scalar curvature. Indeed, if g F is a suitable Riemannian metric on such a manifold and f is a sufficiently regular function on the manifold, L * g F f is the L 2 −formal adjoint of the linearized scalar curvature operator. There is a large literature about these operators, for instance [63, 33, 66, 34, 35, 16, 50, 51, 49, 55, 67, 24, 45, 57, 46, 25, 56] and the many references therein.
The kernel of the operator (2.7) will play an important role in our discussion about the dominant energy condition in the following section.
Energy Conditions and Implications
There are several natural energy conditions considered in general relativity and cosmology questions (see [11, 37, 43, 69, 86, 87] among others). They are related for instance with: space-time singularities (see [84] ), existence of conjugate points (see [15] ), splitting theorems and existence of time-like lines (see [32] ), Lorentzian wormholes (see [86] ), higher dimensional black-holes (see [18, 31, 38] ), spacelike foliations (see [68] ), dS/CFT and space-time topology (see [5] ) among many other topics.
In the first subsection we will introduce some energy conditions on generic space-times, while in the second subsection we will state some of these for a standard static space-time of the form
and analyze possible consequences of these conditions. 3.1. Definitions, Generalities and more. In this subsection, let us consider a space-time (N, g N ) of dimension n ≥ 3.
Assuming the conventions in [2, 36, 58] ; the space-time (N, g N ) is said to satisfy the strong energy condition (respectively, reverse strong energy condition), briefly SEC (respectively, RSEC), if Ric(x, x) ≥ 0 (respectively, Ric(x, x) ≤ 0) for all causal tangent vectors x.
Furthermore (N, g N ) is said to satisfy the time-like (respectively null, space-like) convergence condition, briefly TCC (respectively NCC, SCC), if Ric(x, x) ≥ 0 for all time-like (respectively null, space-like) tangent vectors x. The corresponding reverses (i.e., Ric(x, x) ≤ 0) will be denoted as above by RTCC, RNCC and RSCC, respectively.
Notice that the SEC implies the NCC. Furthermore the TCC is equivalent to the SEC, by continuity. The actual difference between TCC and SEC follows from the fact that while TCC is just a geometric condition imposed on the Ricci tensor, SEC is a condition on the stress-energy tensor. They can be considered equivalent due to the Einstein equation (see (3.1) and the discussion about the SEC definition adopted by us and those in the sense of Hawking and Ellis). Moreover, a space-time is said to satisfy the weak energy condition, briefly WEC, if T(x, x) ≥ 0 for all time-like vectors, where T is the energy-momentum tensor, which is determined by physical considerations.
In this article, when we consider the energy-momentum tensor, we assume that Einstein's equation holds (see [43, 69] ). More explicitly,
Notice that in particular, (3.1) gives the explicit form of the energymomentum tensor T.
The WEC has many applications in general relativity theory such as nonexistence of closed time-like curve (see [21] ) and the problem of causality violation ( [70] ). But its fundamental usage still lies in Penrose's Singularity theorem (see [71] ).
Notice that the notion of SEC considered in our study is not the same one as stated in [43, p. 95 ] (see also [11, p. 434] , [8] ). Indeed for Hawking and Ellis, (N, g N ) verifies the strong energy condition (briefly HE-SEC) if and only if
for all time-like tangent vectors x.
On the other hand, by (3.1) is 2 − n 2 τ = 8π tr T.
So the HE-SEC is equivalent to the SEC, if and only if n = 4. Furthermore,
• if n > 4 and τ ≥ 0, HE-SEC implies SEC • if n > 4 and τ ≤ 0, SEC implies HE-SEC • if n ≥ 3 and τ = 0, then SEC, HE-SEC and WEC are equivalent.
At this point we immediately observe that neither SEC nor HE-SEC implies WEC (see [86, p. 117 ] for dimension 4). However,
Other important energy condition is the so called dominant energy condition (briefly DEC), namely: WEC + " T ij x j is causal for all time-like vectors x ". It is clear that DEC implies WEC. This condition is extremely relevant, for instance in the recent studies of higher dimensional black holes [18, 31, 38 ] (see also [19] ). An equivalent formulation of the DEC is (see [38, 41, 5] ): " T(x, y) ≥ 0 for all future pointing causal vectors x and y ".
3.2. Some implications on standard static space-times. Let M= I f ×F be a standard static space-time with the metric g = −f 2 dt 2 ⊕g F . Thus, .4) i.e., ∂ t is time-like and by Proposition 2.3,
So we can easily state the following.
In particular, we have the followings: 
8).
Several sufficient conditions are known for nonexistence of a nonconstant nonnegative subharmonic function on a complete Riemannian manifold. Thus, again by Theorem 3.1, it is possible to obtain a family of results in the cases where the natural space is a complete but noncompact Riemannian manifold. Here, we will mention some of them based on results of P. Li, R. Schoen and Shing Tung Yau (see [60, 61] and references therein) 6 . (F, g F ) . Then the warping function f is constant and (F, g F ) has finite volume if at least one of the following conditions is verified:
p (F ) for some 0 < p < 1 and there exists a constant δ(s) > 0 depending only on s, such that the Ricci curvature of
Proof. Notice that f is positive and [59] ).
In order to state the next corollary, we recall that a complete Riemannian manifold is said to be a Cartan-Hadamard manifold if it is simply connected and has nonpositive sectional curvature (see [61, p. 128] 
where B x (r) is a geodesic ball in (F, g F ) centered at x of radius r and its volume is given by V x (r).
Proof. Similar to the proof of Corollary 3.5, the positivity of f and Theorem 3.1 imply that f is sub-harmonic. Thus, it is sufficient to apply [60, Proposition 12.6] (see also [89] ). Remark 3.8. In order to obtain (1) in Theorem 3.7, it is useful to note that for any v ∈ T F , the vector field r f
Moreover the vector field on M is null iff |r| = 1. Now, we will deal with the energy conditions in terms of the energy momentum-tensor (see [86] for other results in this direction). Let M = I f ×F be a standard static space-time with the metric g = −f 2 dt 2 ⊕g F . Recall that we assume the validity of the Einstein's equation (3.1) . On the other hand, tangent vectors w ∈ T (I f × F ) can be decomposed into w = u + v with u ∈ T I and v ∈ T F . It is easy to obtain from (2.1) and Proposition 2.4 that for any U 1 , U 2 ∈ X(I) and
(3.8)
In particular, for any U ∈ X(I) and V ∈ X(F ), we have Recalling that on a Riemannian manifold (F, g F ) of dimension s the scalar curvature τ g F (p) := s j=1 Ric g F p (e j , e j ), where {e j } s j=1 is an arbitrary orthonormal basis for the tangent space T p F (see for instance [13] ) and applying (3.9), we obtain the following couple of results when dim F ≥ 2. 
f is negative (respectively, positive) semi-definite and τ g F is nonnegative (respectively, nonpositive), then T(w, w) ≥ 0 (respectively, ≤ 0) for any causal vector w ∈ T M.
Thus, T(w, w) ≥ 0 for any causal vector w ∈ T M if and only if
Remark 3.13. There have been strong and intense studies about the topological significance of the scalar curvature in Riemannian manifolds (see for instance among many others [6, 14, 47, 48] ) since 1965s. In particular, Kazdan and Warner classified the compact connected manifolds of dimension ≥ 3 in three groups [48] : (1) Those N that admit a metric h with scalar curvature S h ≥ 0 (non identically 0). Thus any function is the scalar curvature of some Riemannian metric. (2) Those N that admit no metric with positive scalar curvature, but do have a metric with h ≡ 0. So a function is the scalar curvature of some Riemannian metric if and only if is negative somewhere or is identically 0. (3) The other manifolds, so for any metric h, the scalar metric S h is negative somewhere. Thus a function is scalar curvature of some Riemannian metric if and only if is negative somewhere. Combining this result with the above Corollaries 3.9 and 3.10, we obtain that the compact manifolds of the third Kazdan-Warner type cannot be the natural Riemannian part of any standard static spacetime verifying the WEC. Hence, for instance (I × (T m ♯T m ), −dt 2 + h), where h is a Riemannian metric on the connected sum of two torus T m of dimension m ≥ 3, never verifies the WEC. Indeed, T m ♯T m belongs to the third KazdanWarner type (see [14] ). We observe that topological obstructions for the problem of prescribed scalar curvature of a Riemannian manifold does not exist for noncompact and connected manifold, but the situation changes if the completeness of the Riemannian manifold is required (see [14] ). Hence it would be interesting to combine these results with the WEC.
Remark 3.14. Since the DEC implies the WEC, it is clear by Corollary 3.9 that τ g F ≥ 0 is necessary for the DEC.
Furthermore, recalling that two causal tangent vectors w 1 , w 2 belong to the same time-cone iff g(w 1 , w 2 ) ≤ 0 (see [69, p. 143] ) and applying (3.8) it is easy to prove that:
Remark 3.16. To prove (2) in Theorem 3.15, it is useful to note that for any v 1 ∈ T F , the vector given by w 1 := r 1 f v 2 ) ≤ 0, i.e., w 2 belongs to the same time-cone as w 1 does. Indeed, it is sufficient to take r 2 such that r 1 r 2 ≥ cos g F v 1 v 2 . 
Remark 3.18. Notice that by the polarization formula for a bilinear form,
is equivalent to
So the hypothesis in Theorems 3.12, 3.15 and Corollary 3.17 are closely connected to the study of the kernel of the operator L * g F on suitable Banach spaces. The latter question was studied by several authors, see the references in Remark 2.9. In particular, if f is a solution of (3.10), then
Thus (3.10) takes the form
In [34, p. 228-230] and [16, p. 38-39] the authors proved that if (F, g F ) is compact and f ≡ 0 is a solution of (3.10), then the scalar curvature τ g F is constant (see [24] also). So, by (3.12) and the well known results about the spectrum of the Laplace-Beltrami operator on a compact Riemannian manifold without boundary (see [13] 
which is also easy to conclude from (2.1).
We remark also the importance of equation (3.10) Proof. This is a consequence of (3.14) and [26 Proof. This is a consequence of (3.13), Theorem 3.19, (3.8) and (2.1).
Consequences and Examples
In this section, unless otherwise stated, we will assume dim F = s ≥ 2.
4.1. Conformal Hyperbolicity. Before we state our main results, we briefly recall the definition the Lorentzian pseudo-distance on a Lorentzian manifold (M, g M ) due to Markowitz and then recall some of its elementary properties (see [64] for further details). Consider the open interval (−1, 1) furnished with the Poincaré metric
So the Poincaré distance between two points u 0 , u 1 ∈ (−1, 1) can be expressed as
Suppose γ is a null pre-geodesic in (M, g M ), i.e., g(γ ′ , γ ′ ) = 0 and γ ′′ = ϕγ ′ , for some function ϕ. Then there is a parameter, called the affine parameter, r for which the null pre-geodesic becomes a null geodesic. Indeed, r is the solution of the following ordinary differential equation ϕ = r ′′ /r. In this case, a projective parameter p is defined to be a solution of
where r is an affine parameter for a null pre-geodesic of the form given above, {p ; r} is the so called Schwarzian derivative of p respect to r (see [78] ) and Ric M is the Ricci tensor of the Lorentzian manifold (M, g M ).
The parameter r is independent of the affine parameter along γ. A chain of null geodesic segments joining p to q is
• a sequence of points p = p 0 , p 1 , . . . , p k = q in M,
• pairs of points (a 1 , b 1 ) , . . . , (a k , b k ) in (−1, 1) and • projective maps (i.e., a projective map is simply a null geodesics with the projective parameter as the natural parameter) f 1 , . . . ,
The length of such a chain is defined as
. By combining all the ingredients defined above, Markowitz defines his version of intrinsic Lorentzian pseudo-distance
where the infimum is taken over all the chains of null geodesic segments α joining p to q. Note that d M is indeed a pseudo-distance. The Lorentzian manifold (M, g M ) is called conformally hyperbolic when the Lorentzian pseudo-distance d M is a true distance.
We now reproduce the statements of three theorems from [64] which will be useful later.
[64, Theorem 5.1] Let (M, g) be a null geodesically complete Lorentz manifold. If (M, g) satisfies the curvature condition Ric M (x, x) ≤ 0 for all null vectors x, then it has a trivial Lorentzian pseudo-distance, i.e.,
) satisfies the NCC and the null generic condition, briefly NGC, (i.e., Ric(γ ′ , γ ′ ) = 0, for at least one point of each inextendible null geodesic γ) then, it is conformally hyperbolic.
[64, Theorem 7.1] The group of conformal automorphisms of a conformally hyperbolic Lorentzian manifold (M, g) has a compact isotropy group at each point p.
We will recall some examples in [64] .
• Complete Einstein space-times (in particular, Minkowski, de
Sitter and the anti-de Sitter space-times) have trivial Lorentzian pseudo-distances because of Theorem 5.1 of [64] .
• The Einstein static universe has also trivial Lorentzian pseudodistance since the space-times in the previous item can be conformally imbedded in the Einstein static universe.
• A Robertson-Walker space-time (i.e., an isotropic homogeneous space-time) is conformally hyperbolic due to [64, Theorem 5.9 ].
• The Einstein-de Sitter space M is conformally hyperbolic and for the null separated points p and q, the Lorentzian pseudodistance is given by
where r(p, q) denotes cosmological frequency ratio (see [65] for the explicit computation). The conformal distance between two causally related events in the Einstein-de Sitter space is given as
,
(see [65, Theorem 5] ).
By applying Theorem 3.7 and the previously restated results of Markowitz, we obtain the theorems that follow. 
are negative semi-definite). If at least one of the following conditions is verified
( 4.2. Conjugate Points. We now state some results relating the conformal hyperbolicity and causal conjugate points of a standard static space-time by using [7, 9, 10, 20] and also [11] . In [20, Theorem 2.3] , it was shown that if the line integral of the Ricci tensor along a complete causal geodesic in a Lorentzian manifold is positive, then the complete causal geodesic contains a pair of conjugate points.
Assume that γ = (α, β) is a complete causal geodesic in a standard static space-time of the form M = I f ×F with the metric g = −f 2 dt 2 ⊕ g F . Then by using g(γ ′ , γ ′ ) ≤ 0 and (2.1) we have,
We We will give an existence result for conjugate points of time-like geodesics in a standard static space-time, which will also be conformally hyperbolic because of 
, r = r 1 is conjugate along γ to some r 0 ∈ (r 1 , r 2 ), and consequently γ is not maximal,
Proof. First of all we observe that (2.1) implies
for any unit time-like tangent vector u + v on M, where u ∈ T I and v ∈ T F .
(1) It is an immediate consequence of (4.1) and [11, Proposition 11.7] . (2) It is an immediate consequence of (4.1) and [11, Proposition 11.8] . Riemannian manifold and sup f < ∞, then R f × F is globally hyperbolic". So by applying (4.1) and [11, Theorem 11.9] , (3) is obtained. is considered, necessarily ∆ g F f ≥ 0 (i.e., the function f is sub-harmonic) if dim F ≥ 2 (see Remark 2.8). Consequently, in all these statements, if the Riemannian manifold (F, g F ) is compact of dimension at least 2, then f turns out to be a positive constant (see Remark 2.8) .
Thus, the case of a noncompact Riemannian manifold (F, g F ) is particularly relevant. In order to show that the considered assumptions are nonempty (see the discussion about the existence sub-harmonic on complete Riemannian manifolds in Subsection 3.2), we will provide the following simple example: R s with the usual Euclidean metric g 0
Ric Ω ≡ 0 Thus, the assumptions of Theorems 3.7 and 4.2 and Corollary 4.3 are verified. Indeed,
If we suppose that Ω is bounded, then the assumptions of Corollary 4.4 are verified with an exception of item 3 (i.e., the completeness of (F, g F )). In this case, there exists a constant c > 0 such that 1
4.3. Some special examples. Now, we will concentrate our attention on some special families of metrics that allow an easier control of the sign of Q f g F . For these metrics, there is a strong relation between the Riemannian metric g F and the function f ∈ C ∞ >0 (F ). "Concircular scalar fields". We follow the terminology used in [83] , i.e., we will call a nonconstant scalar field u on F as a concircular scalar field if it satisfies the equation
where φ is a scalar field called the characteristic function of u.
Notice that in this situation, taking the g F −trace, we obtain
and as a consequence,
Thus, being dim F ≥ 2, the sign of Q "Hessian manifolds". This type of manifolds are closely related to the previously defined concircular scalar fields. We begin by recalling the definition of Hessian manifolds (see some recent articles about this kind of manifolds such as [17, 29, 80, 82, 85] , and in particular, the recent book by H. Shima [81] ).
First of all, we remark a notational matter: we say that a connection D on a manifold N is S-flat if its torsion and curvature tensor vanish identically. We also say that a manifold N endowed with an S-flat connection D is an S-flat manifold and we denote it by (N, D). Notice that in [81] , S-flat manifolds are called flat. On the other hand, according to our convention, the concept of flatness only means that the curvature tensor vanishes identically.
A Riemannian metric h on an S-flat manifold (N, D) is said to be a locally (respectively, globally) Hessian metric if h is locally (respectively, globally) expressed by the Hessian, i.e., h = Ddu, where u is a local (respectively, global) smooth function on N. Such pair (D, h) is called a locally (respectively, globally) Hessian structure on N, and u is said to be a local (respectively, global) potential of (D, h). A manifold N provided with a locally (respectively, globally) Hessian structure is called a locally (respectively, globally) Hessian manifold and is denoted by (N, D, h ).
If it is necessary, we will say that N is u−globally Hessian to indicate the specific function u ∈ C ∞ (N) such that h = Ddu on the entire manifold N. It is clear that a global Hessian manifold is also a local one. In [81] , it is proved that if a Riemannian manifold (N, h) is flat with respect to the Levi-Civita connection ∇, then it is also a locally Hessian manifold with the Hessian structure (∇, h). Notice that for the LeviCivita connection both concepts, i.e., flatness and S-flatness coincide. Moreover, in [81] several important examples of local and global Hessian structures are provided. Here, we mention more classical and well known one, namely R s furnished with the usual canonical flat connection. More explicitly, R s is a flat u−globally Hessian manifold where
, where g 0 is the canonical Euclidean metric on R s . 
Let (N,
Remark 4.10. We will note some facts related to the previous statements and examples of this section.
(i) Let now (D, h) be a locally Hessian structure on a manifold N of dimension s and ∇ be the Levi-Civita connection associated to h. In [82] , necessary and sufficient conditions are given to have ∇ = D, when N is a compact manifold without boundary. Note that in this case, i.e., h = Ddu = ∇du, we necessarily have ∆u = s. Indeed, it is sufficient to take the h−trace of the both sides. Furthermore, if the Hessian structure is u−global, then u is a function with Laplacian of constant sign on a compact Riemannian manifold. Hence, u is a constant (see Remark 2.8) .
In particular, this shows that the relevant cases for Corollary 4.9 are those in which (F, g F ) is assumed to be noncompact. Indeed, if it is compact, then the assumptions of the last corollary are not verified. One simple example of this situation is the Riemannian manifold (i.e., globally Hessian manifold) (F, For instance, in R n with the usual metric g 0 = Id R n , the existence of a concircular scalar field, i.e., H u R n = φg 0 , implies that u(x) = n i=1 ξ i (x i ) and hence, ∂ ii ξ i (x i ) = ∂ jj ξ j (x j ) = φ(x) for any i ∈ {1, · · · , n} − {j}. Thus, φ = φ 0 is constant and ξ i (x i ) = a i x 7 cannot be verified. Indeed (R 2 , g 0 ) is complete, but does not admit a positive concircular scalar field u with a nonpositive characteristic function φ such that 0 < inf u. This follows from (4.3) and either direct calculus or the classical Liouville nonexistence theorems for nonconstant superharmonic functions bounded from below on (R 2 , g 0 ) (see [72, 79] ). 
Conclusions
Our first goal is to obtain a family of necessary and/or sufficient conditions for a set of energy and convergence conditions on standard static space-times. We state a family of results establishing a connection between the strong energy condition and a family of Liouville type results for subharmonic functions on the Riemannian part of a standard static space-time too. We also obtain a set of results about the weak and dominant energy conditions. All these results are based on suitable hypothesis for the definiteness of the quadratic forms associated to the Ricci tensor and the tensors L * g F f and Q f g F defined in Section 2. Similar to the independent studies of Bourguignon, FischerMarsden or Lafontaine, we observe the importance of the kernel of the operator L * g F
, not only in the study of standard static space-times, but also in Riemannian geometry, more specifically in the study of critical points of the scalar curvature map in any dimension. About this matter, taking into account the sign of the Ricci curvature and applying Liouville type results, we provide a statement about the existence of positive functions in the kernel of the operator L * g F where the involved manifold is complete but noncompact.
The second goal is to apply the previous results together with several results of M. J. Markowitz and D. E. Allison to obtain sufficient conditions for studying the conformal hyperbolicity and the existence of conjugate points on causal geodesics on a standard static space-time.
Finally, we show some examples and results relating the tensor Q f F , conformal hyperbolicity, concircular scalar fields and Hessian manifolds.
